Abstract: After some comments on the size and conformation of dendrimer molecules, models of the polymerisation of AB 2 monomers that leads to hyperbranched polymers are reviewed. The models are (i) a kinetic one that takes into account changes in the reactivity of B groups as well as intramolecular reactions, and (ii) the equivalent Monte-Carlo model. The results of application of the kinetic model to the polymerisation system AB 2 + B 3 are also presented.
Introduction
According to the rules adopted by the IUPAC Commission on Macromolecular Nomenclature [1,2], any polymerisation process yielding a cross-linked polymer is called a network polymerisation. By analogy, a polymerisation reaction that produces hyperbranched polymers is throughout this work called a hyperbranched polymerisation.
Although the principles of hyperbranched polymerisation, namely the lack of gelation despite the multifunctionality of monomers, and high polydispersity of the products, are known since the pioneering works of Flory [3, 4] , not very many papers on these polymers have been published before about 10 years ago. The interest in hyperbranched polymerisation and hyperbranched polymers rose considerably in recent years, along with the spectacular 'explosion' of publications on dendrimers. A good illustration of the state of the art provides the review by Sunder et al. [5] . The reason is that hyperbranched polymers contain fractions of highly branched molecules indeed resembling dendrimers, and the latter have for some time been believed [6, 7] to have a peculiar spatial distribution of segments and could act as molecular nanocapsules.
Some remarks on dimensions of dendrimers
By using a very simple reasoning one can demonstrate that dendrimers (as well as hyperbranched polymer molecules) are very unlikely to have any voids in their structure. To the contrary, their molecules behave as extremely compact species with very high average segment density.
The fractal dimension D f is a convenient measure of the compactness of a structure. It relates linear dimensions of the structure, such as its radius of gyration, R G , with molecular mass, M:
Obviously, for typical solids or liquids, the fractal dimension is 3. The unperturbed linear polymer molecule (in a θ -solvent or in the amorphous state) has a fractal dimension equal to 2 (
1/2 G M R ∝
). By combining the Mark-Houwink equation for the intrinsic viscosity of polymer solution with that following from the Flory-Fox equivalent sphere model, we obtain:
Hence, the fractal dimension can be expressed in terms of the Mark-Houwink exponent a:
The intrinsic viscosity and exponent a were measured [8, 9] or calculated theoretically [10, 11] for several dendrimers or hyperbranched polymers. In all cases, the value of a was below 0.5, and in general ranged from 0.21 to 0.44 [9] . For these exponents, the fractal dimensions of highly branched molecules reach extremely high values. In model calculations, Mansfield and Klushin [12] arrived at fractal dimension of dendrimers in good solvents equal to 2.4 to 3.3 as compared to 1.7 for linear chains. The packing of atoms in the molecules has to be really dense. These high fractal dimensions can be applicable to small molecules only. The dense packing of units so that D f > 3 is unattainable on a larger scale. It is not possible to synthesise perfect dendrimers of a high number of generations also because of the Malthusian paradox on the molecular level [12] . For any regular dendrimer with f-functional branching points, the number of units grows with the number of generations, g, as (f -1) g , whereas the space available grows as g 3 only.
Thus, even considering the equivalent sphere model as a poor approximation of viscosity behaviour of solutions of highly branched molecules, the very dense packing of units in dendrimers or other highly branched molecules seems obvious. It is hence difficult to imagine any regular voids within these compact molecules.
Some insight into the dependence of dimensions of regular dendrimers on the functionality of units provides the analysis of the Gaussian models of these molecules.
An example of such a Gaussian molecule is presented in Fig. 1 . The units of functionality f = 3 are linked with Gaussian subchains of the same length. Due to the high regularity of the structure, the mean-square radius of gyration of the model dendrimer in Fig. 1 can be relatively easily calculated using the approach developed by Eichinger [14] . The approach makes use of the Kirchhoff matrices of graphs representing the connectivity in a Gaussian polymer molecule. Here we give just final results of applying the approach. Details of calculations can be found elsewhere [15] . Thus, the mean-square radius of gyration of a model dendrimer consisting of g generations of f functional units is 
where N g is the total number of units in the whole dendrimer and M g−1 is the number of units in the wedges extending from units of the first generation (not from the core which constitutes the 0 th generation). In other words, M g−1 is the number of units in the largest wedge of a dendrimer having one generation less than the considered one. As can be seen in Fig. 2 , the mean-square radius of gyration of Gaussian dendrimers changes linearly with the number of generations. This is a typical behaviour of all (unperturbed) Gaussian molecules; the square of any linear dimension remains proportional to the number of bonds in the longest path through the molecule [16] . In Fig.  3 we can see no straight-line dependence. Apparently, no single exponent (fractal dimension) can be ascribed to the molecules within the approximations used by selecting the Gaussian model.
The size distribution in AB 2 hyperbranched polymers
Sunder et al. have reviewed the present methods of synthesis of hyperbranched polymers [5] . Their concise summary is presented in Tab. 1 and includes examples of individual monomers used for the purpose. The methods are classified into three groups. The groups differ by the mechanisms of growth of polymer molecules. In the present work we limit ourselves to the first group of reactions. Although by manipulating with rate constants of individual reaction steps (see below), it is possible to mimic chain reactions, the models described in the present paper are related to stepgrowth reactions of polymerisation. Statistical models similar to those described in this paper were developed by Yan and Zhou for both step-growth [17] , and mixed step-growth and chain hyperbranched polymerisation [18] . Two theoretical models that can be used to predict the size distribution in hyperbranched polymerisation are described and compared with each other. Unlike the Yan and Zhou model [17] , the analytical, kinetic one [19] deals with the system where monomers react with the first-shell substitution effect [20] . The Monte-Carlo model is somewhat more universal. It generates a distribution in a polymerisation batch con-sisting of 10 6 of AB 2 units with any set of rate constants for elementary reaction steps. The Monte-Carlo technique is simply a simulation of the aggregation process on a 2D lattice with unlimited reaction (capture) range [21] .
The kinetic model is based on the Smoluchowski coagulation equation [20] . It is a typical classical mean-field model where all elementary reactions of growth are irreversible ones and follow second order kinetics. The only non-classical assumption is the arbitrary cyclization parameter that controls the probability of closing intramolecular cycles.
The principle of the first-shell substitution effect used in the present model is best explained on the example of the reactivity of a primary amino group. Initially, both amino protons have the same reactivity, but the reactivity of the second changes after the first has reacted. To take into account the reactivity changes of groups B on units of different substitution, we have to code the molecules accordingly. We have used a two-label system. The first label is the number of units in the molecule that have both B groups unreacted. The second label is the number of units with one B group reacted. The labelling system is explained in Fig. 4 . 
II. Cyclization reactions:
( denotes a fragment of a molecule).
The labels in square brackets under each reaction scheme indicate the types of substrates that react to form an [i, j]-mer. The subscripts at the brackets show the type of molecules: branched (b), or containing a cycle (c). The subscript is omitted when there is no ambiguity about the type of species. Note that any hyperbranched molecule is either "purely" branched and contains an unreacted A group or it contains exactly one cycle-closing bond and has no more unreacted A group. The labels of a molecule in the square brackets stand also for the concentration of molecules sharing the same labels. The concentration is expressed as the ratio of the number of molecules sharing the same label (and type) divided by the number of all units in the system. Thus, at the start of reaction [1, 0] = 1.
With the four elementary reactions shown above, the two rate constants k 1 and k 2 and the cyclization parameter λ control the evolution of size distribution in the reaction system. We further reduce the number of rate parameters by introducing the relative rate constant defined thus:
It is now a matter of elementary algebra to show that the time evolution of the size distribution in the AB 2 polymerisation system can be expressed in terms of the two partial differential Smoluchowski-like rate equations:
for the two counting functions:
The first function, H, is a polynomial representation of the size distribution of the branched (acyclic) molecules, and the second one, h, represents the distribution of the cycle-containing species. The variables x and y are dummy variables that have no physical meaning.
The remaining functions in Eqs. (6) and (7) are all derived from H or h. Thus,
is the number of all acyclic molecules divided by the number of all units in these molecules, The reader interested in details of how one can use the kinetic model expressed by Eqs. (6) and (7) is referred to another paper [19] . Here we review some results of its application.
The average degree of branching, a parameter that measures how branched are the molecules, is defined as the ratio of the sum of the numbers of branching and terminal units to the total number of units in the system [23] . Its value is zero for linear polymers and one for perfect dendrimers. Hence, the value of the degree of branching can be used to asses how branched are the hyperbranched polymers as compared to ideal dendrimers.
The degree of branching for hyperbranched polymers, as it changes with conversion of A groups, is shown in Fig. 5 . The calculations were made neglecting intramolecular cyclization (λ = 0). It can be seen that for the systems where the monomer reacts with a positive substitution effect (second B group reacts faster than the first, α > 0.5), the molecules have a higher degree of branching than in the case of a negative substitution effect (α < 0.5). It seems obvious, since fast reaction of the second group on a unit favours formation of branches. The known relation is confirmed for the randomly reacting monomer (α = 0.5) that the degree of branching changes linearly with conversion and reaches at most the value of 0.5 [23] .
Unfortunately, in systems with positive substitution effect a high degree of branching can be achieved, but at the expense of higher polydispersity, as illustrated in Fig. 6 . The effect of the substitution effect on the size of acyclic and cycle containing molecules and their polydispersity is shown in Fig. 7 . All calculations were made setting the cyclization parameter to λ = 10 -3 . As one can see, for a strong positive substitution effect (α = 50), the cycle containing molecules are rather big since the very beginning of polymerisation. The polydispersity of the cycle containing molecules is somewhat smaller than for acyclic molecules. The opposite both with respect to the size and polydispersity is observed for AB 2 monomers reacting with negative substitution effect (α = 0.005). Analogous relations for monomers with randomly reacting B groups (α = 0.5) are also shown. The curves in Fig. 7 may suggest that the cycle containing molecules are abundant. It should be pointed out, however, that the curves illustrate the size of molecules and do not compare the concentrations of species. The fraction of units engaged in cycle containing molecules is in fact relatively small as it is shown in Fig. 9 , see next page. Fig. 8 . Vignette of the Monte-Carlo simulation programme developed in this work Fig. 7 . The weight average degrees of polymerization and polydispersity indices of branched and cycle containing molecules vs. conversion as calculated using the kinetic model. The cyclization parameter λ = 10 -3 . The shape of the curves does not depend on the extent of cyclization, but on substitution effect α But first let us discuss the method of tackling the cyclization reaction within the present kinetic model. In the list of elementary reactions, the rate constants are simply premultiplied by the arbitrary constant λ called the cyclization parameter. In fact, the rate of a cyclization reaction is proportional to the number of B groups in the molecule as well. Hence, large molecules have a higher chance of experiencing a cycle closing reaction than smaller ones. On the other hand, the rate of a cycleclosing reaction for a given type of molecules is also proportional to the concentration of these molecules.
Since we do not exclude cycle-closing reactions within monomer molecules, one may expect that for high λ (say, close to 1) the monomer itself would undergo an extensive cyclization. At λ = 10 -3 , the percentage of monomer units undergoing cyclization should not exceed c. 0.1%.
In principle, the cyclization parameter harnesses many effects such as the flexibility of monomer and polymer molecules, degree of dilution, rate of diffusion, etc. To gain a better understanding on its effect on the size distribution, we have compared the results of kinetic modelling with those obtained in Monte Carlo simulations of AB 2 polymerisation. The latter were based on the same principles as the kinetic (classical) model.
The simulations were carried out on a 2D lattice (1000 × 1000 sites) with the reaction range (capture radius) covering 500 sites. This means that for a functional group selected at random, the reaction partner could be found on the entire lattice. The rate constants were adjusted by multiplying the contributions from reactivities of groups of a given substitution state.
Depending on the type of elementary reaction considered, the rate constant was the product: KiA×KjB (I = 1, 2, 3; j = 1 through 4). The relevant fragments of units are shown in Fig. 8 . If the functional groups randomly selected to react happened to belong to the same molecule, the rate constant was multiplied by the cyclization parameter L. Further details of the algorithm can be found elsewhere [21] .
Consider a system with all contributions to rate constants in the programme (cf. Fig.  8 ) set to 1 and L = 1. Since the system is a graph-like one, the cycle closing reactions in the system are purely random and the extent of cyclization depends only on the size of the system (the latter defines the probability space of the event [24] ). The value of L = 1 for a system consisting of 10 6 units roughly corresponds to λ = 10 -6 . Fig. 9 . Fractions of units in cycle containing molecules as calculated from the kinetic model (Eqs. (6) and (7) Fractions of units in cycle containing molecules calculated using the kinetic model (Eqs. (6) and (7)) and calculated numerically are presented in Fig. 9 for certain values of λ and L. The Monte-Carlo curves represent average results from at least six simulation runs. Although not perfect, the agreement between results calculated by using both models seems quite satisfactory. The plot also shows that the fraction of units in cycle containing molecules is in fact relatively low. The calculated values quickly increase when the conversion of A groups approaches unity, but in real systems conversion of minority groups exceeding 0.95 is often difficult to reach.
System consisting of AB 2 monomer and B 3 core molecules
The polydispersity index of hyperbranched molecules obtained in one pot can be reduced by adding so-called core molecules to the system [25] . The core molecules comprise the same B groups as AB 2 monomers. We have recently shown [26] that it is not difficult to extend the kinetic model described above to deal with a system comprising monomers AB 2 and B 3 . In the model, B groups in both monomers react with the substitution effect. As compared with the set of elementary reactions presented above, we have added just one extra intermolecular reaction involving B 3 monomer: The Smoluchowski-like coagulation equations describing the time evolution of the entire size distributions of the molecules still containing an unreacted A group (counting function H) and those containing a core unit (G) reads
There are two relative rate constants in the model: 
The principles of extracting average degrees of polymerization from the model are the same as in the previous model. Details can be found in a separate paper [26] . For example, one can establish whether or not the substitution effect helps to reduce the polydispersity or vice versa. The results of calculations for three systems are shown in Fig. 10 . One of the systems reacted with a strong positive substitution effect (k 0 = 1, k 1 = 10, k 2 = 100), the second was a random system (k 0 = 1, k 1 = 1, k 2 = 1), and the third was a system reacting with a negative substitution effect (k 0 = 1, k 1 = 0.1, k 2 = 0.01). One can see that in the system with positive substitution effect there are essentially no differences between weight averages of the polymers obtained with various amounts of core molecule. With 10% of B 3 molecules, the polydispersity of the polymer is even higher than that of the polymer obtained with no B 3 monomer at all.
On the other hand, in the system reacting with a relatively strong negative substitution effect, the polydispersity of the polymer obtained with 5 or 10% of B 3 gets reduced as the conversion passes c. 90% of A groups. 
Conclusions
The kinetic model of hyperbranched polymerisation produces essentially the same results as the Monte-Carlo simulation of the analogous reaction.
A monomer AB 2 reacting with a positive substitution effect produces branched molecules of higher branching index, but also more polydisperse than molecules obtained from a monomer reacting with negative substitution effect.
The extent of cyclization is small (within the assumption that the rate of cycle formation is proportional to the number of B groups in the molecule).
The content of cyclic molecules increases as conversion approaches 1. The same applies to their polydispersity.
In the presence of B 3 "core" molecules, the system becomes less polydisperse when higher mole fractions of B 3 are used. The average degree of polymerisation, however, also drops down.
Only in systems reacting with (rather strong) negative substitution effect, a considerable reduction of polydispersity can be achieved by introducing B 3 molecules.
